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Abstract
Relative difference sets (RDS) have been studied at great lengths in
Abelian groups. RDSs in 2-groups have connections to constructions of
divisible designs, which in turn are in correspondence with binary codes
with good error correcting properties. In particular, a recent paper of
Galati exhibited a (4, 4, 4, 1)-RDS in a non-Abelian group relative to a
normal but not central subgroup, the first known example of such an RDS.
We study RDS with this anomaly as our motivation. In our investigations,
we found that there is a correspondence between the existence of relative
difference sets and the existence of short exact sequences of groups. We
appeal to group cohomology to study these short exact sequences and to
gain insight into the existence of these RDS.
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Introduction

In a finite multiplicative group G of order g = mn, we call a k-element subset
D a (m, n, k, .>.)-relative difference set in G relative to a normal subgroup N
of order n if the multiset of formal differences D n- 1 = {di d2 1 : di, d2 E D}
contains each nonidentity element of G\N exactly .>. times and intersects with
N only in the identity. N is often referred to as the forbidden subgroup, as it
is avoided by DD- 1 \ {1}.
Example 1.1. In the group Zs, the set D = {O, 1, 3} is a (4, 2, 3, 1)-RDS relative
to the normal subgroup {0, 4}. The verification of this is a straightforward
computation of differences. Note, however, that we would write this group
additively and compute DD- 1 = {d1 - d2: di,d2 ED}.
Example 1.2. G is always itself a (IGI, 1, IGI, IGl)-RDS relative to the trivial
subgroup.
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